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under the curve. Hence, we have 

WY 

Area OB A = —— 


(6.4a) 


If an additional small force AW is now applied, producing an additional displace¬ 
ment AY, the extra work added is 


Area ABCD = W AY + 


AW AY 


(6.4b) 


The total work done in the elastic regime is equal to the total elastic strain energy 
stored. Using Eqs. (6.4a) and (6.4b) gives 


U = 


WY 

2 


+ W AY + 


AWAY 

2 


(6.4c) 


Since the work done does not depend on the order in which the forces are applied, 
it follows from Fig. 6.1 that 


(W + AW)(y + AY) 
2 


(6.4d) 


Hence, equating Eqs. (6.4c) and (6.4d), and neglecting the products of small quan¬ 
tities, yields 


WAY = YAW (6.4e) 

Since area ABCD, Eq. (6.4b), represents an increment of elastic strain energy A U, 
we get 


AU = WAY 


(6.4f) 


Now, combining Eqs. (6.4e) and (6.4f) gives 


AU 

AW 


= Y 


For very small increments of W and Y, we can write 


dU 

dW 


= Y 


(6.4g) 


(6.4h) 


Equation (6.4h) is the proof of a very important hypothesis of Castigliano, which 
states that the partial derivative of the strain energy with respect to a force gives 
the displacement corresponding to that force. 

In the usual mathematical notation, then, the elongation of a bar in tension 
may be stated as follows: 


dU _ WL 
dW ~ AE 


(6.5) 



